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In a number of recent papers, authors have given succesively simpler 
proofs ([I], [2], [3], [4], [5], [6], [7]) of the following inequality due to 
Opial [l], in casep = 1. 
If x(t) is absolutely continuous with x(0) = 0, then for any p > 0, 
J = 0 ’ x’(t) x”(t) I dt Gp+ Ia , x’(t) ,wl dt, 0 
Equality holds only zy x(t) = Kt for some constant K. 
We remark that for p # 1, a similar proof as that given in [5] will suffice 
in establishing (1). Here one merely uses Holder’s inequality instead of 
Schwarz’s inequality. When p is a positive integer, (1) is also proved in [I, 
but his proof fails for general p. The purpose of the present note is to establish 
inequalities of the following type: 
,I 1 x’(t) xP(t) ( w(t) dt < C j-1 1 x’(t) 1~7~ u(t) dt 
Here, a < 03, and the weighting functions w and (I are non-negative in 
C’[O, a], and such that the following boundary value problem has a solution 
-g {o(t) #‘P(f)) = hw’(t) u”(t) 
with u(0) = 0 and u(a) u’“(a) = hw(a) @(a), for which I(’ > 0 in [0, a]. 
The following extension of (1) is proved by a method suggested by 
Beesack’s generalization of Wirtinger’s inequality [9]. 
THEOREM. If x(t) is absolutely continuous with x(0) = 0, then for any p > 0, 
I ’ 1 x’(‘> xp(t> 1 w(t) dt d b(pl+ 1) J; 1 x’(t) lp+l u(t) dt, (3) 0 
where h, is the smallest e&envalue of the boundry value problem (2). 
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Equality is attained in (3) by the eigenjimctaim corresponding to A, . 
PROOF. For any pair of non-negative reals x and y and p > 0, it is well 
known that ([8], [lo]) 
XPTl + pyP+l - (p + 1) xy” > 0, (4) 
where equality holds if and only if x = y. Let u(t) be a solution to the bound- 
ary value problem (2). Denote for convenience 
and v(t) = (z)‘. 
Substituting f for x and vl’PF for y in (4), we obtain 
f”+’ + pv~Fq+’ - (p + l)fvFp > 0, (5) 
where q -= (p T 1)/p. Multiplying (5) through with u(t) and integrating the 
last term by parts, we find 
I 
R 
uf”” + p 
Ia 0
OVJFP+~ - u(a) v(a)P+l(a) -- (uv)‘FP+l 2 0. (6) 
0 /’ 0 
(This is an inequality used by Beesack in [9].) 
Note that the function v satisfies on account of (2) the following Riccati- 
like equation: 
(G-v)’ (t) -I- pGLp(t) = hw’(t). (7) 
Using (7) we may reduce (6) by again integrating by parts to 
J *’ ?fpT’ >, u(a) v(a) F(a)“+’ - hw(a) F(a)*’ i- X 1: (p $- I)~FP~, 0 
which is the desired inequality. 
It is easy to see that (1) follows immediately from the above theorem. As 
a consequence of the above result, we can similarly obtain the following 
interesting inequality: 
s 1 1 x’(t)x(t) 1 tB dt < $ ,; ; x’(t) 12 dt, 
where a satisfies: 
(8) 
and I denotes the modified Bessel function.In case /I = 1, a satisfies atanha = 1 
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and x(t) = sinh cut/a makes (8) an equality. Similarly, by solving an 
appropriate boundary value problem, one can obtain: 
where the constant 0.9813 is accurate to two significant figures, (it is best 
possible in that sense). On the other hand, replacing t by a in the left hand 
side of (9) and then apply (I), one obtains the constant $. 
One may relax the assumptions on X, x‘ with respect to w and o as done in 
[9], [1 I]; in this manner u may be allowed to be infinite. Since the procedure 
is clear, we shall omit the details. Finally, it should be mentioned that 
another interesting extension of (1) is considered in a recent paper of Holt [12]. 
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